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ON ZEROS OF A SYSTEM OF POLYNOMIALS
AND APPLICATION TO SOJOURN TIME DISTRIBUTIONS
OF BIRTH-AND-DEATH PROCESSES

KEN-ITI SATO

ABSTRACT. Zeros of the following system of polynomials are considered:

Py(z) =1,

Py (z) = Bo — Aoz,

Prti1(z) = (Bn — Anz)Pp(z) — CnPn_1(z) for n>1.
Numbers of positive and negative zeros are determined and a separation prop-
erty of the zeros of Py, (z) and Py (z) is proved under the condition that Cp, > 0
and Py (0) > 0 for every n. No condition is imposed on Ap. These results are
applied to determination of the distribution of a sojourn time with general
(not necessarily positive) weight function for a birth-and-death process up to

a first passage time. Unimodality and infinite divisibility of the distribution
follow.

1. Introduction. In moment problems, in theory of orthogonal functions, and
in probability theory, the following system of polynomials appears:

Po((l?) = 1,
(1.1) Pl (.’E) = Bo - Ao.’t,
Ppi1(z) = (Bp — Apz)Pp(z) — CpPp—1(z) for n2>1,

where A,, B,, and C, are real and A, > 0, C,, > 0. Important features of these
polynomials are that P,(z) is of degree n and has n simple real zeros, and that
the zeros of P,41(z) separate the zeros of P,(z). Under an additional condition
Yamazato [16] proves that, if m < n, then between any consecutive zeros of Py, (z)
there exists at least one zero of P,(z). His additional condition is equivalent to
that P,(0) is positive for every n. If normalization P,(0) = 1 is made, then By =1
and B, = 1+ C, for n > 1. This result is rediscovery of Stieltjes’s result, as is
explained in [16]. Using this fact, Yamazato makes refinement of Keilson’s result [5]
on distributions of first passage times for birth-and-death processes and, further,
exactly determines the class of these distributions. The purpose of the present
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paper is, first, to extend the properties of zeros of the system of polynomials to
a case where the coefficients A,, are not necessarily positive and, second, to apply
the extension to finding distributions of sojourn times with weight not necessarily
positive.

In §2 we will formulate our main results. Some classes generated by exponential
distributions are introduced in §3 and our results on distributions of sojourn times
for birth-and-death processes are given in §4. Proof of the theorems in §2 is given
in §5 and, finally, the results in §4 are established in §6.

2. Main results. Consider the system of polynomials defined by (1.1). Assume
the following:

(A.1) Cn>0 forn>1,
(A.2) P,(0)>0 forn>1.

Note that these assumptions imply B, > 0 for n > 0. No condition is imposed on
the constants A,. They can be arbitrary real numbers. Denote by N*(n) [resp.
N7 (n)] the number of k’s such that 0 < k < n—1 and Ay > 0 [resp. Ax < 0].
Let N(n) = N*(n) + N~ (n). An open interval with endpoints a,b is denoted by
(a,b). We mean by the highest coefficient of P,(z) the coefficient of the term with
the highest power in P,(z).

THEOREM 2.1. (i) The degree of P,(z) is N(n). The sign of the highest coef-
fictent of P, (x) 1s (—1)N+(").

(ii) The zeros of Py(x) are simple and real. The number of the positive zeros of
P,(z) ts NT(n) and that of the negative zeros of Py(z) is N~ (n).

THEOREM 2.2. (i) Designate the N(n) + 1 points consisting of the zeros of
P,(z) and the point 0 as a} < af < --- < a'I(,(n)H. Let 0 < m < n. Then,
for each j (1 < j < N(m)), the interval (aT*,a]% ) contains at least one zero of
Pn(z). Moreover, the interval (a%y,,),,+00) contains at least one zero of P,(z)
if Ay > 0; the interval (—oo,a*) contains at least one zero of Pp(z) if Ay < 0.

(ii) Let 0 < m < n. The number of common positive [resp. negative] zeros of
Pp(z) and P,(z) is at most min{N*(m), N*(n)— Nt (m+1)} [resp. min{ N~ (m),
N=(n) = N-(m+1)}]

Using the notation in Theorem 2.2(i), we get the following theorem as a special
casen=m+ 1.

THEOREM 2.3. The N(m+1) simple zeros of Ppy1(x) are located as follows. If
A > 0, then each of the intervals (aT*,a%), . .., (€% (m)> AN (m)+1)> (AN ()17 F0)
contains ezactly one zero of Pyyi(z). If Ay < 0, then each of the intervals
(—o0,a), (a{",a;"),...,(a’,(,‘(m),a’](,‘(m)ﬂ) contains ezxactly one. If A, =0, then
each of (aT*,a%"), ..., (A (;m)> ON(m)+1) contains ezactly one.

3. Classes generated by exponential distributions. Let us introduce some
classes of distributions generated by exponential distributions on R4 = [0, +00) and
R_ = (—00,0]. For a > 0 [resp. a < 0], let u, denote the exponential distribution
on R, [resp. R_| with mean 1/a, that is, y, is supported on R4 [resp. R_] and
Ua(dz) = |ale™*®dz on R4 [resp. R_]. Define, for any positive integer k, classes
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ME* _ ME%, ME%, CEX and ME* _, ME*,, ME* , CE* as follows. The class
ME¥ | [resp. ME¥ _] is the set of mixtures of k distinct exponential distributions

on Ry [resp. R_]. That is, u € MEX  [resp. ME* _] iff

k k
(31) H= Zp’iuan Di > 0 (1 S 1 S k)v ZPi = 17
=1 =1
and ay,...,ax are distinct positive [resp. negative] numbers. The class ME_’f_O

[resp. ME¥ ] is the set of mixtures of the delta distribution &y at 0 and k distinct
exponential distributions on R [resp. R_]. Namely, u € ME¥ [resp. ME¥ ] iff

k k
(32) p=pobo+ Y pitta, Pi>0(0<i<k), Y pi=1,
i=1 i=0
and ay,...,ak are distinct positive [resp. negative] numbers. We define

ME* = ME¥  UME*,, ME* = ME*_uUME¥*,.

The class CEX [resp. CE*] is the set of convolutions of k (not necessarily distinct)
exponential distributions on Ry [resp. R_], that is, p € CEX [resp. CE¥] iff
U = Ug, * -+ * fig,, Where ay,...,a, are positive [resp. negative] numbers. Let
ME%,, MEQ, CEY, ME®,, ME®, and CE® denote the set consisting of a single
element 6y. For any two classes A(1), A(?) of distributions on R = (—o00,4+00),
denote by A™) x A(?) the class of u such that p = ) * u(®, ) e AW and
p® e A we call u() % 4 an ezpression of p in A1) x A, We define

E(k,l,r,s) = MEX « CE, x ME” xCE®

for nonnegative integers k, I, r, s.

Notice that infinite divisibility and unimodality are known for distributions of
the above classes. It is well known that exponential distributions on R4 and
R_ are infinitely divisible and that the class of infinitely divisible distributions
is closed under convolution. C. Goldie [1] proves that mixtures of exponential
distributions on R4 are infinitely divisible (see also F. Steutel [13]). Thus all
distributions in E(k,l,r,s) are infinitely divisible. Distributions in MEX or ME.
are obviously unimodal with mode 0. Hence distributions in M E_’,‘_ * ME" are
unimodal with mode 0 (see Lemma 6.1 of Sato-Yamazato [12] or Lemma 3 of Sato
[11]). Exponential distributions are strongly unimodal, namely, for any unimodal
distribution v, the convolution v * yu, is unimodal (see Ibragimov [2]). It follows
that all distributions in E(k,!,r,s) are unimodal.

A distribution u is called strictly unimodal if there is a point a (called the mode
of ) such that u has density on (—o0,a) and (a,+00) and the density is increasing
on (b,a) and decreasing on (a,c), where b and c¢ are the left and right extremities,
respectively, of the support of u. (We use in this paper the words “increase” and
“decrease” in the strict sense.) Sato [11] shows that any distribution in E(k,l,r,s)
is strictly unimodal and has real-analytic densities on (—o00,0) and (0, +o00), and
gives explicit bounds for its mode. Other bounds for modes are given in Sato [10]
for general unimodal distributions in terms of absolute moments or central absolute
moments.
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Let u be a distribution on R. Define ji(z) by

(3.3) iz) = / €Y u(dy)

for real z such that the right-hand side is finite. If it is finite for £ on an interval
(c1,¢2), then the same integral extends fi(z) to a function analytic on the strip
{z: Rez € (c1,c2)} in the complex plane. If

(3.4) / e¥lu(dy) < oo

for some ¢ > 0, then the value of ji(z) on any interval containing the origin uniquely
determines u and ji(z) is called the moment generating function of p. If, further,
f(z) is extended to a meromorphic function on the complex plane, the extension is
denoted by the same symbol ji(z) and still called the moment generating function
of u. For any nonzero real number a, the exponential distribution px, has moment
generating function

(3.5) fa(z) = a/(a - z).

For any u in E(k,l,r,s), there is ¢ > 0 such that (3.4) holds. The following facts
are known.

LEMMA 3.1. Letk >1. If u € MEX _ is such that (3.1) holds with
(3.6) 0<a; < <ag,
then u has moment generating function

ajag---ak (by —z)(bg — ) (bg—1 — 2)

3.7 a(z) =

(3.7) Alz) bibe - -bg—1 (a1 —z)(az —z)---(ax — z)
for some by, ..., bx—1 satisfying

(3.8) 0<a; <by<ay<by<- - -<ag_1 <br-1 <ag.

Conversely, any rational function of the form of the right-hand side of (3.7) satis-
fying (3.8) is the moment generating function of some u € MEX | such that (3.1)
holds with some p1,...,pk.

LEMMA 3.2. Let k > 1. If p € ME¥ satisfies (3.2) and (3.6), then u has
moment generating function

ay---ag (by— ) (b — )

3.9 i(z) =
(3.9) Alz) by be (a1 — ) (ax — 2)
for some by, ..., bg such that
(3.10) 0<a;<by<ay<by< - <ag<bg.

Any rational function of the form of the right-hand side of (3.9) satisfying (3.10)
1s the moment generating function of some u € M E_’f,o satisfying (3.2) for some
Pos---sPk-

Similar assertions hold for M E¥

k_ and ME*,. The distribution (3.1) with the
condition

(311) a1 < -+ <ap <0
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corresponds to the moment generating function (3.7) combined with the condition
(3.12) a1 <by <ag<by<- - <ag-1<bg—1 <ag<O0.

The distribution (3.2) together with the condition (3.11) corresponds to the moment
generating function (3.9) satisfying

(3.13) bi<ayp <by<ay<--<by<ar<0.

Proofs of Lemmas 3.1 and 3.2 are given in Steutel [14]. These lemmas show that
the classes MEX , (k = 1,2,...) are disjoint, and so are the classes ME%, (k =
0,1,...). Moreover, if u € ME%X | [resp. ME¥ _], then the numbers ay, by, as,. ..,
bk—1, ax satisfying (3.8) [resp. (3.12)] are uniquely determined in expressing the
moment generating function of u. We call these numbers the parameters of u.
Similarly, if u € ME¥%, [resp. ME¥ ], then the numbers ay, b1, . .., ak, b satisfying
(3.10) [resp. (3.13)] are uniquely determined, which we call the parameters of u. If
p € CE%, then

N ay--- Qg
3.14 ) =
(3.14) i(z) @1=2) (a2
for ai,...,a satisfying
(3.15) 0<a;<az <---<ag,

and conversely. If u € CE* | then we have (3.14) for ai,...,ax satisfying
(3.16) a1 <ag L <ag <0,
and conversely. These numbers are called the parameters of u in CE% or CEk.

4. Distributions of sojourn times for birth-and-death processes. Let
X(t) be a birth-and-death process with birth rate «; and death rate 8;. That is,
X (t) is a time homogeneous Markov process on the set of nonnegative integers with
Q-matrix {g;;} such that

Gii+1=0a; (1>0), Gii-1=0 (1>1),
goo = —0p, Gqii=—0;—0 (1>1),
gi; =0 otherwise.

We assume that o; > 0 for 7 > 0 and §; > 0 for ¢ > 1. The sample path of X(t) is
a right-continuous step function with jumps of size +1 or —1. Let 6™" be the first
time at which X(t) = n, given that X(0) = m. That is, c™" is the first passage
time to n from m. Given a real-valued function f(z) on the set of nonnegative
integers, consider a random variable T defined by

mn

o
(4.1) T = / FX()) dt.
0
Denote by 77"" the amount of time spent at the state ¢ up to the first passage time

o™". This quantity is called the sojourn time at ¢ up to ¢™". From now on, we
assume that m < n. The quantity T is written as

n—1
(4.2) T =Y fi)r™.
1=0
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We call T the sojourn time up to o™ with weight function f(¢). We will determine
the distribution u of T. Let N*(n) [resp. N~ (n)] be the number of ¢ such that
0<i<n-1and f(i) > 0 [resp. f({) < 0]. Let N(n) = N*(n) + N~ (n). Then
n — N(n) is the number of ¢ such that 0 < ¢ < n—1 and f(¢) = 0. In order to state
our results, we use the following notations for some subclasses of E(k,l,r,s):

E((k)4+,1,(r)=0,8) = MEX | « CE}, « ME" ; x CE?,
E((k)+0,1,(r)——,s) = MEX ) x CE} x ME" _ x CE?,
E((k)+0,1,(r)~0,8) = MEX, x CE} x ME" ; x CE®..
THEOREM 4.1. Let
k=N*t(m+1), I=N*t(n)-Nt(m+1),
r=N"(m+1), s=N"(n)—N"(m+1).
Then the distribution u of T belongs to the class E(k,l,r,s). More precisely,

(4.3) w€ E((k)++,L,(r)-0,8) in case f(m) > 0;
(4.4) p € E((k)+o,l,(r)-—,s) in case f(m) < 0;
(4.5) u€ E((k)+o,l,(r)-0,8) 1in case f(m)=0

Combining Theorem 4.1 with the results stated in §3 and using Lemma 6.1 of
[12] or Lemma 3 of [11], we obtain the following results.

COROLLARY. The distribution p s infinitely divisible and strictly unimodal. It
has real-analytic densities on (—00,0) and (0,+00). Let a be the mode of u. If
n=m+1, thena=0. Ifn>m+2 and f(i) =0 for all i such that n < i < m,
thena=0. Ifn>m+2 and f(¢) > 0 [resp. f(i) < 0] for all i such thatn < ¢ < m,
then a > 0 [resp. a < 0]. The distribution p has a point mass at 0 if and only if
f(@) =0 for all 1 satisfying m <1 < n.

We note that infinite divisibility of u is already proved by Kent [6]. In fact he
proves that the joint distribution of (7J*",7{™",..., 7% ) is infinitely divisible. If
f is a constant function 1, then T = ¢™". Unimodality of first passage times is
proved by Rosler [8] and Keilson [5]. If f is positive, then T can be considered via
time change as a first passage time of another birth-and-death process. The exact
class of first passage time distributions for birth-and-death processes is determined
by Yamazato [16]. Our method of proof of Theorem 4.1, as well as Theorem 4.2
below, is a generalization of Yamazato’s in [16].

In some cases it is possible to reduce the numbers k, r of the class E(k,l,r,s) to
which u belongs.

THEOREM 4.2. Letl = N*t(n)—Nt(m+1) and s=N"(n) - N"(m+1).
There ezist nonnegative integers k and r that have the following properties (i)-(iv).
The pair k,r that satisfies (1) and (ii) is unique; the pair that satisfies (i) and (iii)
18 unique.

(i) (4.3)-(4.5) hold.

(i) IfK'+U <k+1orv +5s <r+s, then u does not belong to E(K',l';7’,s').

(iii) If p) % @ % uB) x 44 45 an expression of u in the class described in (4.3)-
(4.5), then the set of all parameters of uV, u®, u®  and u'*) has no overlapping.
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(iv)
max{2N*(m+1) = N*(n), N*(m+1) - N*(m)} <k < N*(m+1),
max{2N~(m+1)-N"(n), N"(m+1)—=N"(m)} <r< N (m+1).
Notice that a distribution in E(k,l,r, s) does not necessarily have a unique ex-

pression. Thus the identity p(!) % u(2 = v % »@) with uM, v() € ME% | and
p®, V(2 € CE!, does not imply u(*) = v and u = p(2),

5. Proofs of Theorems 2.1-2.3. For n > 0 and 0 < k < n, define D} as
follows:
I b s

D =By ¢Dg_, —Cp_g41Dp_, for2<k<n.

LEMMA 5.1. The D} have the properties below.

(5.2)  Pp(0) = DgPn—k(0) = Cp—kDi_1 Pn—k-1(0) for1<k<n-1,
(5.3) Pn(0)=D} forn>0,
(54) Df=Bu_1Dp={ —Cp_1DF=2 for2<k<n.

PROOF. First we prove (5.2) by induction in k. If k = 1, then (5.2) is true for
all n > 2 by (1.1), because

Pn(O) = Bn—an—l(O) - Cn—lpn—2(0) = D?Pn_l(()) - Cn_IDg'Pn_Q(O).
If (5.2) is true for a given k and all n > k + 1, then
Pp(0) = D (Bn—k-1Pn—k-1(0) = Cp—k—1Pn—k—2(0)) — Cn—xDf_1 Pa——1(0)
= D11 Pr-k-1(0) — Cpn—g—1Df Pr——2(0)

for n > k+ 2 by (5.1). Thus (5.2) is proved. Since Py(0) = 1 and P;(0) = By,
(5.3) is obvious for n = 0 and 1. Hence, using (5.2), we have P,(0) = D?_, P;(0) —
C1D};_,Py(0) = Dj for n > 2, that is (5.3) holds. The assertion (5.4) is proved by
induction in k. If n > 2, then

D3 =By 2D} —Cp_1Df = Bp_1Bpn_2 — Cn—y = B,_1 D} ' — Cp_ 1 D32,
If n > 3, then _
Dg = Bn—SDg - Cn—ZD? = (Bn—ID?—l - Cn—lD8_2)Bn—3 —Bp-1Cpn_2
= Bn—l(B'n—ZZID?ml - n—-2) - Cn—an-—3 = Bn—lD;l_l - Cn—lD?—2~

Thus (5.4) is true for k = 2,3. Let [ > 3. If (5.4) is true for k = — 1 and [, then
it is true for k = [ + 1, because

Di4y = Bn—-1D' = Cp DI,
= (Bn-1D[")' = Cn 1 D) Bpi—1 = (Bp-1 D) — Crey D) Cry
= Bn—l(Bn—l—lDln—_ll - Cn—lDln-_zl) - Cn—l(B'n—l~1]-)zn—_22 - Cn—lD?—_:f)
=Bn_1D}' = Cp D}

Hence (5.4) is established.
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LEMMA 5.2. D} >0 for 0 <k <n.

PROOF. This is obvious for k = 0, 1. If, for a given k, D} _; > Oforalln > k-1,
then (5.2), (A.1), and (A.2) show that D} > 0 for n > k + 1. Moreover D¥ > 0 by
(5.3) and (A.2).

LEMMA 5.3. (i) The degree of P,(x) is N(n).

(ii) Givenn > 2, suppose that Ap,_1 = Ap_2 =" =Apn_r=0and Ap_r_1 #0
for some 1 <k <n—1. Let v be the highest coefficient of P,_r(z). Then P,(z)
has D}~ as its highest coefficient.

(ili) Given n > 1, suppose that A,_1 = Ap—2 = --- = Ag = 0. Then P,(z) =
Dr.

PROOF. For n =1, (i) and (iii) are obvious. For n = 2, (i), (ii), and (iii) are
easy to check. Let m > 3 and suppose that (i), (ii), (iii) are true for n < m — 1.
We have

Pm(z) = (Bm—l - Am—lz)Pm—l(z) - Cm—IPm—2(z)

and P, _; and P,,_o are of degree N(m — 1) and N(m — 2), respectively. If
Ap—1#0,thendeg P, =N(m—-1)+1=N(m). If A,y = = App—x =0 and
Am—k—1 # 0 for some 1 < k < m — 1, then consider two cases: k =1 and k > 2.
In case k =1, we have N(m —1) = N(m —2)+1 and deg P, = N(m—1) = N(m)
and the highest coefficient of P, is Bp—17 = D[*y. Incase k > 2, P,—1 and Py,,_2
are of a common degree with their highest coefficients being D*";' and D,'c"_"f'y,
respectively, and hence, by (5.4) and by Lemma 5.2, P,, is of degree N(m — 1) =

N(m) and has D'~y as its highest coefficient. If A,_; =--- = A; = Ag =0, then
Pp-1(2) = D=1, Pm—2(z) = DnZ3, and

P(z) = B D2} — Cpoey D22 =D > 0

by Lemma 5.1 and (A.2). The proof is complete.

After proving Theorem 2.1(i), we will show Theorems 2.1(ii) and 2.3 similtane-
ously, and then, using these theorems, prove Theorem 2.2.

PROOF OF THEOREM 2.1(i). The fact deg P, = N(n) is given in Lemma
5.3(1). If A, # 0, then deg P,+1 = deg P, + 1 and, by (1.1), the highest coefficient
of P41 is —A, times the highest coefficient of P,. If A, =0, then by Lemmas 5.2
and 5.3, the highest coefficient of P,; and that of P, have a common sign. Hence,
for any n, the sign of the highest coefficient of P, is (—1)N" (™),

PROOF OF THEOREM 2.1(ii) AND THEOREM 2.3. We do induction on n.
We will repeatedly use (1.1), (A.1), and (A.2). In particular, the following fact is
essential.

(5.5) If P,(a) =0, then sgn Pn41(a) = —sgn Pr_1(a).

Here we are using the signum function sgn z defined by sgnz = —1,0,+1 according
to whether z is negative, zero, or positive. Also we will use the following conse-
quences of Theorem 2.1(i).

(5.6) sgn Py (—00) = (~1)N ™, sgn Py (+00) = (~1)NT (™).
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Let o and (3 be defined by sgn P,(—o0) = asgn P,_1(—00) and sgn P, (+00) =
Bsgn Py _1(+00). Then,

Ap_1 >0 implies a=+1, = -1,
(5.7) Ap—1 <0 implies a=-1, f=+I1,

Ap_1 =0 implies a=+1, f=+1.

If it is known that P,(z) has N(n) simple real zeros, then the zeros are denoted by
b < b < - < by(py-

Let us consider P;(z) and P;(z) in three cases.

(i) Case Ap > 0. We have deg P; = 1 and 0 = a} < a}. Note that P>(0) > 0 and
Py(a}) < 0. If A; > 0, then deg P> = 2, P;(+00) > 0, and thus 0 = a} < b? < a} <
b2. If A; <0, then deg P; = 2, Py(—00) < 0, and hence b? < 0 =al < b2 < a}. If
A; =0, then deg P, = 1 and 0 = a} < b? < al.

(ii) Case Ag < 0. We have deg P, =1, a} < a} =0, Py(a}) <0, and P,(0) > 0.
If A; > 0, then deg P, = 2, P2(+00) < 0, and al < b? < al =0 < b3. If 4; <0,
then deg P, = 2, P(—o0) > 0, and b? < a} < b3 < a} = 0. If A; = 0, then
deg P, =1and a} <b? <a}=0.

(ii) Case Ag = 0. We have Pi(z) = By > 0 and P(0) > 0. If A; > 0, then
deg P, = 1 and b > 0. If A; < 0, then deg P, = 1 and b? < 0. If A; = 0, then
deg P, = 0.

The above discussion shows that Theorem 2.1(ii) holds for n = 1,2 and Theorem
2.3 holds for m = 1. Given k > 2, suppose that Theorems 2.1(ii) and 2.3 are true
for n < k and m = k—1, respectively. We will prove them for n = k+1 and m = k.
Let ¢g be the number such that a’c =0.

1° Let 1<t—20rz>1+ 1 Then P,_; has exactly one zero between a;
and af ,, and thus sgn P_;(a¥) = —sgn Pc_1(ak, ;) # 0. Hence sgnP,H.l( RS
—sgn Piy1(ak, ;) # 0 by (5.5). Therefore Py, has a zero between a and aH_l.

2° Suppose that 2 < 49 < N(k). IfA;c 1 >0 then we have af !, < af | <

afo_l =af =0<af,, (and further af | < a1 +1 except the case where 19 =

k
)

10—

N(k) and Ak 1 > 0), and hence Px_; is positive at a20 1 a,o, and a,0 +1, implying
(5.8) Pet1(af,_1) <0, Pisr(af,) >0, Peyi(af i) <0
by (5.5) and (A2) If Ax—; <0, thena -1 <af0 4 -a =0 <a,0~|_1 <ak !

(and af 1, < ak _ except the case ip = 2) and (5.8) holds by the same reason.
Thus Pk+1 has zeros in (a¥ _,,a¥ ) and in (af ,af ).
3° Suppose that 79 = 1. Then Ak_l 2 Oanda¥ ! =ak=0<ak <ok <ak <

a%=!. Thus P;_, is positive at a1 and af. Hence Py1;(a¥) > 0 and Py41(ak) <0.

Thus Pk41 has a zero between a¥ and af ;.

4° Suppose that 19 = N (k) + 1 Then, similarly, Pg4; has a zero between afo_l
and af .

The above argument shows that the points a¥,a¥%, ... ,a’}v( k)41 are separated by

N (k) zeros of Pyiq. If Ay =0, then N(k+ 1) = N(k) and Px+; has no other zero.
Let us consider the case Ay > 0. We will prove that Py, has a zero in the interval
(afv(k)ﬂ, +00), by showing

(5.9) sgn Pk+1(afv(k)+l) = —sgn Py1(400).
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Denote, for a while, a,, = sgn P,(+00). We have to consider four cases.
Casel. oap=-1, Ag_1 >0 (hence ax—; = +1, a1 =+1 by (5.7)).
Case 2. ar= -1, Ag_1 <0 (hence ag_1 = -1, g1 =+1).

Case 3. ap=+1, Ax_1 >0 (hence ax_; = -1, a4 = —1).
Case 4. ap =41, Ax-1 <0 (hence ax_; = +1, ary; =—1).

Case 1. We have a’fv_(,i_l)_‘_l < blf\/(k) = a’f\/(k)+1 and hence

(5.10) Pk—l(a’fv(k)H) >0 and Pk+1(a’f\1(k)+1) <0

by (5.5), from which follows (5.9).
k— k—
Case 2. We have b’f\/(k) < aN(,i_lH_l. Hence aN(,i_l)H #0, b'f\r(k) = afv(k)H,
and (5.10) follows. Hence (5.9).
Case 3. This time a’;,_(}c_l)_'_l < b‘f\/(k) = a’,ﬁ,(k)_‘_l and

(5.11) Pi-1(aN(ky+1) <0 and  Peyi(af(eys1) > 0,

guaranteeing (5.9).
k— k—
Case 4. We have b’,ﬁ,(k) < aN(llc—1)+1' If aN(llc—1)+1 =0, then a’f\/(k)+1 =0 and

(5.9) follows from (A.2). If a’;,_(;_l)“ # 0, then af; ) ,; = b (x) # 0 and we have
(5.11), which shows (5.9).

In conclusion, (5.9) is shown in all cases. It is proved similarly that, if Ay <0,
then Py, has a zero in (—oo,a¥). Thus we have seen that Py has N(k + 1) real
zeros and Theorem 2.3 is true for n = k. Therefore, if Ay > 0, then the number of
positive zeros of P4 is larger than that of Py by one and the number of negative
zeros of Py is the same as that of Pg. If Ay < 0, then the number of negative
zeros increases by one. If Ay = 0, the number of positive zeros and that of negative
zeros do not change. Namely, Theorem 2.1(ii) is true for n = k + 1. The proof of
Theorem 2.1(ii) and Theorem 2.3 is complete.

To proceed to the proof of Theorem 2.2, we introduce a new system of poly-

nomials Qf,...,Qn, following Yamazato. This is in a sense adjoint to the system
P,,..., P,. Define
(5.12)

Qb(z)=1 for n>0,
QY (z) = Bp-1— Ap—1z for n>1,
Q%41(2) = (Bnok—1 — An—k-17)Q%(2) — Cr—kQ%_,(z) for 1<k <n-—1.
LEMMA 5.4. Forn>2andl1<k<n-1,
(5.13) Pn(z) = Q (2) Pa—k() — Crn—kQk—1(2) Po—k-1(z),
(5.14) Pr(z) = Qn(z).
PROOF. Let us show (5.13) by induction. It is true for k = 1 by (1.1). Suppose
that n > 3 and that (5.13) holds for some k < n — 2. Then,

Pn = QZ((Bn-—k—l - An—k—lz)Pn—k—l - Cn—k—lpn—k-2) - Cn—sz—IPn—k-—l
= Qk+1Pr—k-1 — Cnie—1Qk Pr—k-2,

which is (5.13) with k replaced by k + 1. Hence (5.13) is true for all k <n—1. We
obtain (5.14) by

Po=Qn_1P1—C1Qp_3Po = (Bo — Ao2)Qp_; — C1Qn_o = Q.
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LEMMA 5.5. Q%(0) >0 for0<k <n.

PROOF. The assertion is evident for n =0,1. Let n > 2. We have Q3(0) =1 >
0. Noting (5.13), (A.1), and (A.2), we see that Q%_,(0) > 0 implies Q% (0) > 0.
Rewriting (5.13) we get
(5.15)
Po(z) = Q- m-1(2)Pm+1(2) — Cm11Q7—m—2(2)Pm(z) for 0<m<n—2.

Hence we obtain the following.

LEMMA 5.6. For0<m<n-2,

Qi-m-3(0) _ Prt1(0)
- .
n—-m-—1 (0) Pm (0)
PROOF OF THEOREM 2.2. If n = m + 1, then the theorem is already proved
by Theorem 2.3. So,let 0 <m <n —2. Let

(5.17) Cm+l

10 =228, o) = Oy zmtl)

In order to seek zeros of the right-hand side of (5.16), we investigate the graphs of
f(z) and g(z) in detail by using Theorems 2.1 and 2.3. We study first the graph of
f(z). On an interval with endpoints being consecutive zeros of P, or +00 or —oo,
the behavior of f(z) has eight possibilities:

(5.18) increase from — oo to + 0o,

(5.19) decrease from + oo to — oo,

(5.20) increase from a finite ¢ to + oo,

(5.21) decrease from a finite ¢ to — oo,

(5.22) increase from — oo to a finite c,

(5.23) decrease from + oo to a finite c,

(5.24) increase from — oo to a positive local maximum and then decrease
to — oo,

(5.25) decrease from + oo to a positive local minimum and then
increase to + oo.

Let 79 be the number such that ap =0. There are three cases.

Case 1. 2 < 49 < N(m). The numerator P,,; has a zero in each of the
intervals (a7_,,a) and (a,a", ;). We have f(0) > 0. Hence (5.24) holds on
(afr_y,aln, ). For 1 <4 <dp — 2 we have (5.18) on (af*,af},). Forig+1 <7<
N(m), (5.19) holds on (a]*,a]%,). Further, there are three subcases.

Case la. Ap > 0. We have (5.25) on (—o0,aT*) and (5.19) on (a’,{,‘(m)+1,+oo).

Case 1b. Ay, < 0. We have (5.18) on (—o0, aT*) and (5.25) on (@R () 41> T0)-

Case 1c. Ay, = 0. There is a common positive number ¢ such that (5.20) holds
on (—oo,a?*) and (5.23) on (@ (m)+1> +00)-
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Note that monotonicity of f(z) on each indicated interval comes from the fact
that, for any ¢, the number of the roots of f(z) = ¢ is at most N(m + 1).

Case 2. 19 = 1. First we consider (—o0o,a]") and proceed to the right. If
2 <1< N(m), then (5.19) holds on (a]*,al} ).

Case 2a. A > 0. On each of (—o0,a%') and (a(,,) 415 +00), (5.19) holds.

Case 2b. A, < 0. On (—o0,a]*) the behavior of f(z) is (5.24) and, on
(@R (m)+1> +90), (5.25).

Case 2c. Ay, = 0. A positive number ¢ exists so that (5.21) holds on (—o0,a3")
and (5.23) on (a%} )41, +00)-

Case 3. 19 = N(m) + 1. This is dual with Case 2. If 1 < ¢ < N(m) — 1, then
(5.18) holds on (al*,al} ;).

Case 3a. Apm > 0. On (-00,aT") and (a%,,,+o0), (5.25) and (5.24) hold,
respectively.

Case 3b. A, < 0. On each of (—o0,aT*) and (a'ﬁ(m), +00), (5.18) holds.

Case 3c. Ay, = 0. There is ¢ > 0 such that (5.20) and (5.22) hold on (—o0,al*)
and (a',(,‘(m), +00), respectively.

Next we consider the graph of g(z). By Definition (5.12) and Lemma 5.5, the
polynomials Q%(z), 0 < k < n, have the same properties as Pi(z), 0 < k <
n, except for change of defining constants. Thus the behavior of 1/g(z) can be
described as similar to that of f(z). Since A,_1, Apn—2,...,Aq play the role of
Ag, Ay, ..., Ap_1, the degree of Q} is N(n) — N(n — k). All zeros of QF are real
and simple. Suppressing n, we designate N(n) — N(n — k) + 1 points consisting of
the zeros of QF and the point 0 as

k_ .k k
€] <3 <+ <CN(n)—N(n—k)+1-

Let r =n—m—1and s =deg Q" = N(n) — N(m+1). Let jo be the number such
that ¢} = 0. The behavior of g(z) is as follows.

Case 1. 2 < jo <'s. On (¢ _y,¢f41) (5.25) holds. If 1 < j < jo — 2, then (5.19)
holds on (c},c7, ). If jo+1 < j <'s, then (5.18) holds on (c},c7 ;).

Case la. Ap+1 > 0. On (—o0,c]), g(z) increases from O to a positive local
maximum and then decreases to —oo. Further, we have (5.22) with ¢ = 0 on
(€h41,+00).

Case 1b. Apy1 < 0. We have (5.21) with ¢ = 0 on (—o0,c¢}). On (c5,;,+00),
g(z) increases from —oo to a positive local maximum and then decreases to 0.

Case 1c. Apy1 = 0. There is ¢ > 0 such that (5.21) holds on (—oo,c}) and
(5.22) holds on (cj,;, +00).

Case 2. jo = 1. In this case we have A,,4+1 > 0. If 2 < j < s, then (5.18) holds
on (cf,chyq)-

Case 2a. Ap41 > 0. We have (5.20) with ¢ = 0 on (—o0,c}) and (5.22) with
c=0on (c5;;,+00).

Case 2b. Ay41 = 0. There is ¢ > 0 satisfying (5.20) on (—o0,¢}) and (5.22) on
(c541,+00).

Case 3. jo = s+ 1. In this case, Ayyy <0. If 1 <5 < s—1, then (5.19) holds
on (cf,cfiq)-

Case 3a. Apm4y < 0. (5.21) holds on (—o0,c7) and (5.23) holds on (c}, +00),
each with ¢ = 0.
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Case 3b. Ay41 = 0. There is ¢ > 0 satisfying (5.21) on (—oo,c]) and (5.23) on

(5, +00).
Now let us prove (i) of Theorem 2.2 for 0 < m < n — 2. If a satisfies
Pri1(a) Qnr-m—2(a)
n — = —_
(5'26) Pm(a) 56 0, n—m—l(a) # 0, Pm(a) Cm+1 g—m—l(a),

then P,(a) = 0 by (5.16). For each 5 (1 < j < N(m)), we can prove that there is
a point a € (a]*, a7 ) for which (5.26) holds. Namely, in all combinations of the
cases of the graph of f(z) and the cases of the graph of g(z), the graph of f(z) for
a® < z < a}, intersects with the graph of g(z). When aj* or a7, is the point
0, we use here Property (5.17). Also it can be proved that, if A,, > 0, then there
exists a € (aff () +1»100) for which (5.26) holds. If A, < 0, then, similarly, we
can find a point a € (—o0,a*) for which (5.26) is true. This proves (i) of Theorem
2.2.

Let k [resp. k'] be the number of common positive [resp. negative] zeros of P,
and P,. Since k [resp. k'] does not exceed the number of positive [resp. negative]
zeros of Pp,, we have k < N*(m) and k' < N~ (m). By (5.15) and by Theorem 2.3,
any common zero of P, and Py, is a zero of Q_, _,. Since the number of positive
[resp. negative] zeros of Q7 _,._; is Nt(n)—N*(m+1) [resp. N~ (n)— N~ (m+1)],
it follows that k < N*(n) — N*(m+1) and k' < N~ (n) — N~ (m+ 1). The proof
of Theorem 2.2 is complete.

6. Proofs of Theorems 4.1-4.2. We use the following two lemmas due to
Kent [8). A vector x = (zo,z1,...) with infinitely many components is used,
although each function of x introduced below depends only on a finite number of
components. For x with z; < 0 for all 7, we define

n—1
(6.1) $mn(x) = Eexp Z 7T,
i=0
where 7/*" is the sojourn time at 7 up to c™" and E denotes the expectation.

LEMMA 6.1. For x = (z0,21,...) with z; <0 for all 1,

(6-2) aod’ln(x) = (0'0 - 1‘0)¢0n(x),
(6.3)  idit1n(T) = (i + Bi — i)Pin(X) — Bidi—1,n(x) for1<i<n-—1,
(6.4) Pnn(x) = 1.

Proof is obtained from the strong Markov property of the process.

The following system of polynomials with many variables is introduced by Kent.
This is a generalization of polynomials of Ledermann-Reuter [7] and Karlin-
McGregor [3]. Define

PO(X) = 1)
(6.5) Pi(x) = 1 - zo/ a0,

Pii1(x) = (14 Bifas — @i/ o) By(x) — (Bi/ i) Picy(x) for &> 1.
LEMMA 6.2. For x = (z9,Z1,...) with z; <0 for all 1,
(6.6) Pmn(x) = Pm(x)/ﬁn(x) for0<m<n
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PROOF. Comparing (6.5) with (6.2) and (6.3) we get ¢mn(x) = P (X) don (x).
Since ¢mn(x) is positive, so is Pn(x) for all x with z; < 0. It follows from (6.4)
that ¢on(x) = 1/Pp(x).

LEMMA 6.3. Given 0 < m < n, we can find ¢ > 0 such that, if 23 + 22 + -+
z2_, < c?, then

n—1
(6.7) Eexp Z ", < 0o.
i=0
PROOF. It is enough to show that E exp(co™") < oo for some ¢ > 0. Since the

process has the strong Markov property and since jumps are of size +1 or —1, we
have, for any ¢ > 0,

(6.8) E exp(co®) > E exp(co™"),

including the case of infinity. By Keilson’s result [4], the distribution of #°* belongs
to CE?. Hence the left-hand side of (6.8) is finite for a small ¢ > 0. We remark
that the proof of the result of Keilson [4] is essentially as follows. For z < 0, we
have, by Lemma 5.2,

(6.9) E exp(z0°™) = ¢on(z,z,...) = 1/Py(z),

where P,(z) = Py(z,z,...). The polynomials constitute a system (1.1) satisfying
(A.1), (A.2), and A, > 0. So, by Theorem 2.1, P,(z) is a polynomial of degree
n having n distinct positive zeros. Hence, by (6.9), the Laplace transform of the
distribution of ¢°" is that of the convolution of n distinct exponential distributions
on R+.

By virtue of Lemma 6.3, we can define ¢, (x) by (6.1) for x such that z2 +
-+ +122_, < c? Lemmas 6.1 and 6.2 are valid also for this x. To see this, repeat
the same proof as before.

It would be worth noting that the system (5.12) of polynomials Q%(z) is also
generalized to the case of many variables. Namely, define

Q{,‘(x) =1 forn>0,
QF(x) =1+ fBn_1/0n-1— Tn_1/0n—1 for n>1,
Qz+1(x) = (1 + Bﬂ—k—l/an—k—l - zn—k—l/an—k—l)Qz(x)
- (ﬁn—k/an—k)Qz—l(x) for1<k<n-1

Then the analogues of (5.13) and (5.14) of Lemma 5.4 hold for this case of many
variables.

PROOF OF THEOREM 4.1. We write f(@) = f; and £ = (fo, f1,...). Define
Omn(z) and P, (z) by ¢mn(zf) and P, (zf), respectively. Lemma 6.3 shows that the

distribution u of T has a moment generating function defined in a neighborhood of
the origin, which is ¢, (2) by (4.2). Lemma 6.2 tells that

(6.10) bmn(z) = Pp(z)/Pn(2).

In this way the moment generating function of u is defined as a rational function
on the whole complex plane. The polynomials P,(z), n = 0,1,..., satisfy (1.1)
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with the constants being
Ap = fofan forn>0, By =1,
Bp, =1+ fp/an, Cp=pn/oy forn>1

They satisfy (A.1) and (A.2). In fact, we have P,(0) = 1 for n > 0. The quantities
N*(n), N~(n), and N(n) defined in §2 coincide with those defined in §4 for f.
Given 0 < m < n, define k,[,r, s as stated in Theorem 4.1. Suppose that f,, > 0
and denote the zeros of Pp,(z) by b* (1 < ¢ < N(m) =k +r — 1) in increasing
order. Then we have

' < < <0< by <-or < biheg

by Theorem 2.1. Theorem 2.2 says that we can find zeros ¢; (1 <7 < k+7r) of
P,(z) such that

M < <bP < < < <, <0
<cCrp1 <Oy <crpo <or < Chgro1 <bpyy_1 < Ckir.

The number of the remaining positive [resp. negative] zeros of P,(z) is ! [resp. 3]
by Theorem 2.1. Using Lemmas 3.1 and 3.2, we see that (4.3) holds in the form of
moment generating functions. The case f,, < 0 is treated similarly. Next consider
the case f, = 0. In this case the zeros of Py, (z) are b (1 <i < N(m)=k+7r)
and we have
' < < <O<H ) <-or < by
By Theorem 2.2 there exist zeros ¢; (1 <7 < k+ ) of P,(z) such that
' <e1 <bF <+ <b <er <O<Cryr <b7yy < o0 < Chgr < bigyr-

There remain ! positive zeros and s negative zeros of P,(z). Hence we get (4.5).
The proof of Theorem 4.1 is complete.

We remark that, in case N~ (n) = 0, the relation (6.10) is obtained by Wang
[15].

PROOF OF THEOREM 4.2. Suppose that the number of common positive
[resp. negative] zeros of P, (z) and P,(z) is p [resp. q]. In the expression (6.10) of
®mn(z), cancel all factors common in the numerator and the denominator. Letting
b (1 < ¢ < N(m) — p — q) denote, in increasing order, the zeros of Pp,(z) that
are not canceled away, we can make the same argument as in the proof of Theorem
4.1. Thus it is proved that (4.3)-(4.5) hold with k = N*t(m+1) —p,l = N*(n) —
Nm+1),r=N"(m+1)—gq, s=N"(n) — N"(m+ 1). The assertion (iii) is
automatic. The number of positive [resp. negative] poles of ¢mn(z) is exactly k +1
[resp. r+s]. If u € E(k',l',r',s'), then the number of positive [resp. negative] poles
of @mn(z) is at most k' + I’ [resp. ' + s’]. Hence the assertion (ii) holds. The
assertion (iv) comes from the bounds of p and q in Theorem 2.2. The uniqueness
of the pair k,r that satisfies (i) and (ii) is evident. Finally, if k and r satisfy (i) and
(iii), then the number of positive [resp. negative] poles of ¢y () is k+1 [resp. r+3],
which implies k¥ and r must be N*(m + 1) — p and N~ (m + 1) — g, respectively.
The proof is complete.
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